Abstract. We prove that a shrinking gradient Ricci soliton which is asymptotic to a Kähler cone along some end is itself Kähler on some neighborhood of infinity of that end. When the shrinker is complete, it is globally Kähler.
Introduction
Let M be a smooth manifold of dimension n. A shrinking gradient Ricci soliton structure on M consists of a Riemannian metric g and a smooth function f which together satisfy the equations (1) Rc(g) + ∇∇f = 1 2 g, R + |∇f | 2 = f.
The latter equation is a normalization which can be achieved by adding an appropriate constant to f on any connected component of M . Shrinking gradient Ricci solitons (or shrinkers) correspond naturally to shrinking self-similar solutions to the Ricci flow, which are both the generalized fixed points of the equation and the prototypical models for the behavior of a solution in the vicinity of a developing singularity. They have been fully classified in dimensions two [H2] and three [CCZ] , [H2] , [I1] , [N] , [NW] , [P] , [PW] , and even a limited extension of this classification to dimensions four and higher would help advance the understanding of the long-time behavior of solutions to the equation.
There are indications that the asymptotic behavior of complete noncompact shrinking solitons may be rigid enough to support a classification into general structural types. At present, all known examples of complete noncompact shrinkers which are not locally reducible as products are connected at infinity and smoothly asymptotic to regular cones (see [FIK] , [DW] , [Y] ). Recent results of MunteanuWang [MW1, MW3, MW4] suggest that these two types may actually exhaust the possibilities for complete noncompact four-dimensional shrinkers.
In this paper, we consider shrinkers of the second type, whose geometries are asymptotically conical in a sense which we now make precise. Given a closed Riemannian manifold (Σ, g Σ ) of (real) dimension n − 1 and a fixed a ∈ R, let E a = E a (Σ) denote the cylinder (a, ∞) × Σ and g c = dr 2 + r 2 g Σ the regular conical metric on E 0 . Further, for any fixed λ > 0, let ρ λ : E 0 → E 0 denote the dilation map ρ λ (r, σ) (λr, σ). By an end V ⊂ (M, g), we will mean an unbounded connected component of M \ D for some compact D ⊂ M . Definition. Let V be an end of (M, g). We say that (M, g) is asymptotic to (E 0 , g c ) along V if, for some r > 0, there is a diffeomorphism Φ : E r → V such that λ −2 ρ * λ Φ * g → g c in C 2 loc (E 0 , g c ) as λ → ∞. Using the correspondence between shrinkers and self-similar solutions, it is possible to show that any shrinker whose curvature decays quadratically on an end will be asymptotic to some regular cone on that end in the above sense and that the convergence is actually locally smooth (see, e.g., [KW] and cf. [CL] ). Munteanu and Wang [MW3] have shown that any complete shrinker whose Ricci curvature tends to zero at infinity must have quadratic curvature decay and must therefore be asymptotically conical along each of its ends. In dimension four, they have proven that the same is true assuming only that the scalar curvature tends to zero [MW2] .
The uniqueness theorem proven in [KW] asserts that if two shrinking gradient Ricci solitons are asymptotic to the same regular cone along some end of each, then the solitons are themselves isometric on some neighborhood of infinity of these ends. One consequence of this theorem is that any non-trivial isometry of the cross-section of the cone must be reflected in a non-trivial isometry of the end of the soliton. In this paper, we show that the Kählerity of the cone is another feature which is necessarily inherited by an asymptotic shrinker.
is a shrinking gradient Ricci soliton asymptotic to the regular cone (E 0 , g c ) along the end V ⊂ M . If (E 0 , g c ) is Kähler with complex structure J c , then there is an end W ⊂ V of M and a complex structure J defined on W relative to which g| W is Kähler and (W, J) is biholomorphic to (E R , J c ) for some R > 0. If (M, g) is complete, the Kähler structure extends to all of M .
If it is already known that there is a Kähler shrinker (M ,ĝ,f ) asymptotic to (E 0 , g c ) along some end of (M ,ĝ), the first assertion follows from the uniqueness result in [KW] . Here, however, the existence of such a Kähler competitor (M ,ĝ,f ) is not presumed in advance and the Kählerity of the soliton (M, g, f ) on the end W is established only from its asymptotic Kählerity along V . The assumptions are entirely local to the end V ; in particular, (M, g) need not be complete nor have only one end. However, when (M, g) is complete and connected, its universal cover (M ,g) will be globally Kähler and, consequently, connected at infinity [MW1] . It follows then that (M, g) is also connected at infinity and that the Kähler structure on W must extend to all of M .
Our proof of Theorem 1 uses a combination of the methods in [K2] and [KW] . In [KW] , it is shown that a shrinker which is asymptotic to a cone (E 0 , g c ) gives rise to a smooth solution g(t) to the Ricci flow on some end W ⊂ V for t ∈ [−1, 0) which begins at g(−1) = g, evolves self-similarly for −1 ≤ t < 0, and converges smoothly as t ր 0 to a limit metric isometric to g c . By this construction, recalled in Proposition 8 below, the first assertion in Theorem 1 is reduced to a problem of "backward propagation of Kählerity," that is, to the problem of showing that a solution to the Ricci flow which becomes Kähler after some time must have actually been Kähler all along. This problem was considered in [K2] within the class of complete solutions of bounded curvature.
Whereas the problem of the propagation of the Kähler structure forward in time can, in principle, be reduced to the uniqueness of solutions to the Ricci flow by the construction of Kähler solutions with the same initial data, the problem of its propagation backward in time does not seem to admit a correspondingly straightforward reduction to the backward uniqueness of solutions. The Kähler solutions which one would need to construct to act as competitors are now the solutions to parabolic terminal-value problems which are ill-posed in general. These obstacles are discussed in some detail in Section 2.3 of [K2] in the context of the preservation of holonomy along the flow.
Instead, the problem of backward propagation of restricted holonomy in [K2] is recast as one of backward uniqueness for a prolonged system encoding the components of the curvature operator relative to a certain decomposition of the bundle of two-forms on M . In the next section, we discuss the specialization of this formulation to the Kähler setting. This sets up a problem of backward uniqueness which, analytically, turns out to be identical in structure and setting to that considered in [KW] , and can be resolved by the same argument (the application of appropriate Carleman inequalities) given in that reference. We discuss the application of these results to the first assertion of Theorem 1 in Section 3, and prove the second assertion, concerning the extension of the Kähler structure to the entire manifold, with a short synthetic argument in Section 4.
Backward propagation of Kählerity under the Ricci flow
In this section, we will assume that g 0 is a Kähler metric on M with complex structure J 0 and that g = g(τ ) is a smooth family of metrics satisfying the backward Ricci flow
Our aim is to set up a framework to determine when the Kählerity of the metric g 0 is transferred to g(τ ) for τ > 0. As we have noted above, we cannot simply reduce the problem of the the propagation of the Kähler structure to that of the uniqueness of solutions to (2) (that is, to the problem of backward uniqueness of solutions to the Ricci flow). Instead we will specialize to the Kähler setting the approach in [K2] , which encodes the general problem of preservation of reduced holonomy in terms of the uniqueness of solutions to an associated system of mixed differential inequalities.
2.1. A family of almost-complex structures on M . The first step in our reduction of the problem is to extend J 0 to a family of almost complex structures J = J(τ ) ∈ End(T M ) for τ ∈ [0, T ] relative to which g(τ ) remains Hermitian. (In our application, we will eventually we will wish to argue that J(τ ) = J 0 .) We do so by solving the ordinary differential initial value problem
The evolution equation in (3) may be understood in terms of the operator D τ which acts on families V = V (τ ) of (k, l)-tensors by
Relative to a smooth family of local frames {e i (τ )} n i=1 evolving so as to remain orthonormal relative to g(τ ), the components of D τ V express the total derivatives
Alternatively, D τ may be regarded as a vector on the product of the frame bundle with [0, T ] tangent to the bundle of g(τ )-orthonormal frames. See [H1] or Appendix F of [CRF] for details.
Equations (2) and (3) are then equivalent to the assertions that D τ g = 0 and D τ J = 0, and imply that
that is, that J remains an almost complex structure and g remains Hermitian with
We will now examine the relationships between several families of endomorphisms of ∧ 2 T * M induced by J. Below, we will write
for θ, σ ∈ T * M , and use the metric
for η ∈ ∧ 2 T * M and X, Y in T M , and let
The identities
satisfied by F and G imply the following relations between F,P, andP.
Lemma 2. On M × [0, T ] we have the identities
Here * denotes the adjoint of the operator relative to the metric (4).
The first two rows of relations imply, among other things, that
Proof. As we have noted, the first assertion follows from the first two rows of Lemma 2. For the second assertion, let s p (τ ) ∼ = so(n) denote the Lie subalgebra of endomorphisms of T p M (under commutation) which are skew-symmetric relative to g(p, τ ). The endomorphisms in s p (τ ) which further commute with
, and the image of u p (τ ) under Φ, consisting of those twoforms η for which
2.3. The decomposition of the curvature operator. Let us use R to denote the (4, 0) curvature tensor and R : ∧ 2 T * M → ∧ 2 T * M to denote the curvature operator of g(τ ). We adopt the convention that
Relative to an orthonormal frame
Similarly, we will use S for the operator
and adopt the notation
Here 
SinceP = − F 2 andP = Id −P by Lemma 2, we also have R •P = 0 and R •P = R. Then
and the other identities in (10) follow similarly.
The identities in Lemma 5 reflect that the image of the curvature operator is contained in the parallel subalgebra hol(g(0)) of ∧ 2 T * M defined by the holonomy representation of g(0). Since g(0) is Kähler, this means that, at any p ∈ M ,
and so
2.4. A closed system of mixed differential inequalities. Now define the sections
It follows from the general computations in Section 4 of [K2] thatR andŜ, together with A and B, satisfy a closed system of differential inequalities.
Proposition 6. The sections A, B,R,Ŝ satisfy
The only properties of the projectionsP andP of which the argument in [K2] makes use is that they remain complementary and orthogonal, evolve according to D τP = D τP = 0 (which follows here from the fact that D τ J = 0), and that H =P(∧ 2 T * M ) remains closed under the Lie bracket. The computations actually hinge on the relations
implied by this latter condition. We will review here the derivation of (13), but refer the reader to [K2] for the rest of the details. Recall that, under (2), the curvature operator evolves according to the equation
where the second term denotes the Lie algebra square R # = R # R. Here, for M,
where
is any orthonormal basis for ∧ 2 T * p M . Now, we may compute directly from (16) that
which immediately yields
So, to obtain (13), it remains only to estimate R # •P. Using * to denote the adjoint of an element in End(∧ 2 T * M ), we may write
By the symmetry and bilinearity of the # pairing we then see that
by (18), and (13) follows.
Preservation of Kählerity from the vanishing of A andR.
We have seen that if the initial time-slice (M, g (0)) is Kähler, then A, B,R, andŜ vanish on this slice. In the next section, we will show that the backward uniqueness theorem proven in [KW] implies that A, B,R, andŜ must vanish identically on M ×[0, T ] for the specific class of solutions (M, g(τ )) we will encounter in the proof of Theorem 1. For now we observe that the vanishing of these sections indeed imply that (M, g(τ )) will remain Kähler relative to the fixed complex structure J(0) = J 0 .
Lemma 7. Let g, J,R, andP be as above. IfR = 0 and ∇P = 0 on M × [0, T ], and ∇J = 0 on M × {0}, then ∇J = 0 and
Proof. First observe that our assumptions imply that S • F = 0. Indeed,
using Lemma 2. The observation that J remains parallel then follows from a direct pointwise calculation. Fix p ∈ M and let
so that the components of W in the fiber at p satisfy a linear system of ordinary differential equations. Since W (p, 0) = 0, it follows that (∇J)(p, τ ) = W (p, τ ) = 0 for all τ . But, if J is parallel and g is Hermitian relative to J, we then have Rc
and
More generally, if g(τ ) is a solution to the backward Ricci flow for which the reduced holonomy remains fixed (e.g., if (M, g(τ ) ) is complete and of bounded curvature) then any tensor V 0 which is parallel on M with respect to g(0) can be extended to a smooth family V (τ ) of g(τ )-parallel tensors on M × [0, T ] via D τ V = 0 and V (0) = V 0 .
Kählerity near spatial infinity
Now we are ready to prove the first assertion in Theorem 1. Our strategy is fundamentally the same as in [KW] : from the asymptotically conical soliton, we construct a self-similar solution to the backward Ricci flow defined for τ ∈ (0, 1] on a sufficiently distant end, which (after adjustment by a suitable diffeomorphism) converges smoothly as τ ց 0 to the conical (Kähler) metric on some neighborhood of infinity. This transforms the essentially elliptic problem of unique continuation at infinity we are initially given into a parabolic problem of backward uniqueness on a finite time interval.
As in the introduction, let (Σ, g Σ ) denote a compact Riemannian manifold of dimension n − 1, and let g c = dr 2 + r 2 g Σ . Denote by r c : E 0 → R the radial distance r c (r, σ) = r relative to g c . Proposition 8 (Proposition 2.1, [KW] ). Suppose (M,ḡ,f ) is a shrinking Ricci soliton asymptotic to the regular cone (E 0 , g c ) along the end V ⊂ M . Then there exist K 0 , N 0 , and R 0 > 0, and a smooth family of maps Ψ τ : E R0 → V defined for τ ∈ (0, 1] satisfying:
(1) For each τ ∈ (0, 1], Ψ τ is a diffeomorphism onto its image and Ψ τ (E R0 ) is an end of V .
(2) The family of metrics g(x, τ ) τ Ψ * τḡ (x) is a solution to the backwards Ricci flow (2) for τ ∈ (0, 1], and converges smoothly as τ ց 0 to g(
Here | · | = | · | g(τ ) and ∇ = ∇ g(τ ) denote the norm and the Levi-Civita connection associated to the metric g = g(τ ). (4) If f is the function on E R0 × (0, 1] defined by f (τ ) = Ψ * τf , then τ f extends to a smooth function on all of E 1 R0 and there g and τ f together satisfy
Here S denotes the scalar curvature of g.
We apply the above proposition to a shrinker (M,ḡ,f ) asymptotic to a Kähler cone (E 0 , g c ) along the end V ⊂ M as in Theorem 1, and assume for the rest of the section that g = g(τ ) is the smooth family of metrics on E R0 × [0, 1] it provides. Let J c denote the complex structure associated to (E 0 , g c ), and let J = J(τ ) denote the family of almost-complex structures obtained as solutions to the fiberwise-ODE (3). Then defineP, A, B,R, andŜ as above, in terms of the solution g(τ ) and let
where V = End(∧ 2 T * M ). The families X and Y of sections are smoothly defined on all of E R0 × [0, 1] and vanish identically on E R0 × {0}.
Combining (19) with Proposition 6, we see that
, and ∆ = ∆ g(τ ) . Moreover, we also have
The boundedness of the components of X follows directly from (19). For the remaining components, note first that we can bound ∂ ∂τ ∇P via (19), and hence also A = ∇P. With (19), we can then bound the components of ∇X. Similarly, one can estimate B = ∇∇P via the equation for ∂ ∂τ ∇∇P and the bound on ∇P. The vanishing of X and Y near infinity is now a consequence of the Carleman estimates established in Propositions 4.7, 5.7, and 5.9 of [KW] .
Theorem 9 ( [KW] ). Suppose (M, g(τ )) is a self-similar solution to (2) on E R0 × (0, 1] with potential f which satisfies the conclusions of Proposition 8 relative to the conical metric g c and the parameters K 0 and N 0 . Let X, Y be smooth, uniformly bounded families of sections of tensor bundles over E R0 × [0, 1] with the property that, for any ǫ > 0, there is an R 1 = R 1 (ǫ) ≥ R 0 such that
Then, if X and Y vanish identically on E R0 ×{0}, they vanish identically on E R2 ×[0, τ 0 ] for some R 2 ≥ R 1 and τ 0 ∈ (0, 1).
The two sets of Carleman estimates given in Proposition 4.9 and Propositions 5.7 and 5.9 in [KW] are valid on any asymptotically conical shrinking self-similar family of background solutions g(τ ), and the argument in Section 6 of that reference can be applied directly to our setting to combine them to prove the vanishing of X and Y. Although the particular components of the system (X, Y) in [KW] the same as that in [K1, K3] -differ from those of the system considered here (and in fact are sections of different bundles), the structural assumptions in Theorem 9 are the only properties of the system used in the application of the Carleman inequalities. But for the labeling of some constants, the argument which follows equations (6.1) and (6.2) in [KW] can be used here without change.
Once we know thatR and ∇P vanish on E R2 × [0, τ 0 ] for some R 2 and τ 0 > 0, we can apply Lemma 7 to conclude that g(τ ) is Kähler with respect to J c on the same set. Fix s ∈ (0, τ 0 ] and let W = Ψ s (E R2 ), and Φ = Ψ −1
) is Kähler relative to J = Φ * J c , and Φ is the desired biholomorphism.
4. Global Kählerity in the complete case.
To finish the proof of Theorem 1, we now argue that the Kähler structure defined on the end W ⊂ M must extend to all of M when (M, g) is complete. The realanalyticity of Ricci solitons provides almost all that we need.
Lemma 10. Suppose (M, g) is a complete connected real-analytic manifold, E ⊂ M is open and connected, and p ∈ E. If π 1 (E, p) ֒→ π 1 (M, p) is surjective, then any parallel complex structure J E on E may be extended uniquely to a parallel complex structure J on M .
Proof. LetĴ = J E (p). The uniqueness of any extension J of J E to M is clear, since, given q ∈ M we must have (24) J(q) = P γĴ P −1 γ where P γ : T p M → T q M is parallel translation along any piecewise smooth path γ from p to q. On the other hand, we can also use (24) to define J(q) : T q M → T q M . This will yield a smooth parallel complex structure on all of M provided the extension can be shown to be independent of the path γ. Suppose σ is any other path from p to q. Under our assumption on π 1 (E), the loop γ ·σ, whereσ denotes the reverse parametrization of σ from q to p along σ, is homotopic to some loop α contained entirely in E. Then
where β =ᾱ · γ ·σ is a null-homotopic loop based at p.
Since (M, g) is real-analytic, the local holonomy of g at p coincides with the reduced holonomy (see, e.g., [No] ), so both Hol 0 p (M, g) and Hol p (E, g) leaveĴ invariant. Therefore P βĴ P −1 β = P αĴ P −1 α =Ĵ, and so P γĴ P −1 γ = P σĴ P −1 σ as desired. Of course, the restriction of J E to any path contained in E must coincide with the parallel translation ofĴ along that path, so the connectedness of E implies that J| E = J E .
We now give an ad hoc argument to show that the Kähler structure extends to the entire manifold. The key ingredient is the result of Munteanu-Wang [MW1] which guarantees that any complete Kähler shrinking gradient Ricci soliton is connected at infinity. We apply this to the universal cover of M to determine that the preimage of any end in M is connected in the universal cover.
Lemma 11. Suppose (M, g, f ) is a complete noncompact gradient Ricci soliton and g| E is Kähler on some end E ⊂ M with complex structure J E . Then J E extends uniquely to a complex structure J on M relative to which g is Kähler.
Proof. The soliton structure (M, g, f ) lifts to a complete soliton structure (M ,g,f ) on the universal cover π :M → M . Fix p ∈ E and a local section σ : U →M of π over some connected evenly covered neighborhood U of p contained in E. Then JŨ = (σ −1 ) * J E is a parallel complex structure onŨ = σ(U ) relative to whichg|Ũ is Hermitian. As Ricci solitons, both (M, g) and (M ,g) are real-analytic manifolds [I2] . The simple-connectivity ofM then implies (as above) that JŨ extends to a parallel complex structureJ onM relative to whichg is Hermitian [No] . So (M ,g,f ) is a complete Kähler gradient Ricci soliton andM must therefore be connected at infinity [MW1] . But the fundamental group of a complete shrinking soliton is finite [W] , so π :M → M is proper, and M must also be connected at infinity. So we may assume that E = M \ D for some compact D ⊂ M . Now we claim thatẼ = π −1 (E) is connected inM . Since π is proper,D = π −1 (D) is compact. The setẼ =M \D therefore must have a unique unbounded connected componentC. However, any two of these connected components must be isometric, so every component ofẼ would have to be unbounded as well. Sõ E =C is connected. This implies that π 1 (E, p) ֒→ π 1 (M, p) is surjective, and the existence of a unique global extension J of J E follows from Lemma 10 above. Since g and J are both parallel, and g is Hermitian relative to J on E, it follows that g is Hermitian relative to J everywhere on M .
The reasoning in Lemmas 10 and 11 can be applied to other geometric structures which possess similar continuation properties in the real-analytic setting. For example, together with the continuation argument from Theorem 6.3, Chapter VI of [KN] , it can be applied to promote any isometry between the ends of two asymptotically conical Kähler shrinkers into a global isometry between the shrinkers. With the uniqueness theorem in [KW] , it follows then, for example, that any two complete noncompact Kähler shrinkers (M, g, f ) and (M ,ĝ,f ) which are asymptotic to the same cone (along their unique ends) must be globally isometric.
